Introduction
For a continuous map f : X → Y between topological spaces, we define the multiplicity of f as max y∈Y |f −1 (y)|, and the minimal multiplicity of f as the minimal multiplicity of maps homotopic to f , that is (here Σ 2 is the symmetric group in two symbols, which acts on X × X by permutations of the coordinates), and to the problem of determining the minimal (unordered) µ-tuple self-intersection number Hurewicz [14] proved that, if X is an m-dimensional compact metric space and m + 1 ≤ n ≤ 2m, then any continuous map f : X → R n can be deformed, by means of an arbitrary small perturbation, to a map g : X → R n of multiplicity ≤ [ n n−m ]. A similar assertion is also valid if the Euclidean space R n is replaced by an arbitrary smooth manifold N n . Thus, for m < n ≤ 2m, we have
This inequality follows by observing that, for a "generic" map g : M → N , the set Int µ+1 (g) ⊂ M has dimension (µ + 1)m − µn, which is negative (and, thus, MMR[f ] ≤ µ) if µ > m n−m . The special case n = 2m is the classical self-intersection problem which gives rise to Whitney's work [21] . Here the estimation (1. [4, 3] for m = 1). For m = 1, there are several combinatorial and geometric methods for deciding whether a closed curve on a surface is homotopic to a simple closed curve (see, for example, Gonçalves, Kudryavtseva and Zieschang [9] and references therein). An answer in terms of the 1 (Indeed, take a map g f such that MI µ [f ] = |Int µ (g)| =: . We can assume that < ∞. Then = i≥µ y∈Y, |g −1 (y)|=i i µ . Hence, for every nonvanishing summand in this sum, one has i µ ≤ and
, which is at most
Nielsen self-intersection number is given in Theorem 2.2. In the remaining case m = 2, we only know that NI The present paper studies the number MMR[f ] mainly in the case m = n ≤ 2.
Here MMR[f ] is closely related to the absolute degree A(f ) (as defined in Hopf [13] or Epstein [7] ; see also Kneser [16] , Olum [18] and Skora [19] ) of the map f . A definition of the absolute degree is also given in Definition 3.7 in the paper by Gonçalves, Kudryavtseva and Zieschang [10] of this volume. Theorem 2.1 computes the number MMR[f ] for a self-mapping f of a circle (m = n = 1). In the case m = n = 2 (mappings between closed surfaces), the following results are obtained. We calculate
, and the Euler characteristics of the surfaces, for any map f : M → N with A(f ) > 0 (Theorem 3.2 and Theorem 3.3).
We also estimate MMR[f ] for any map f with A(f ) = 0 (Theorem 4.2). In particular, we prove that
The authors do not know whether
Proof We will identify the circle S 1 with the unit circle in the complex plane C. Consider the projection p : R → S 1 , p(r) = e 2πir , r ∈ R, of the universal covering R of S 1 to S 1 .
Let us show that the number of preimages can not be reduced. Since deg f = 0, for every point s ∈ S 1 there exists a point t ∈ S 1 such that f (t) = s. Let r 0 ∈ R be a point such that p(r 0 ) = t. Consider a liftingf : R → R of f : 
Suppose that deg f = 0. Let us show that there exists g f with |g −1 (s)| ≤ 2 for any s ∈ S 1 . Indeed, take g to be the map given by the following rule:
It remains to show that for any f : a continuous mapping f : M → N , A(f ) denotes its absolute degree (see Hopf [13] , Epstein [7] , Kneser [16] , Olum [18] , Skora [19] or Gonçalves, Kudryavtseva and Zieschang [8] ). Denote the index of the image of the fundamental group of M in the fundamental group of N by (f ) :
Actually the number (f ) does not depend on the choice of the point x 0 .
The following consequence of Kneser's inequality will be central in the proof of our main result.
. . , µ r preimages, respectively, then
Proof In the case when r = 1 and f is orientation-true, the latter inequality was proved in Theorem 2.5 (a) of [8] . In the general case, the inequality can be proved using the techniques in [1, 8, 11, 2] , as follows.
If f is not orientation-true and d = A(f ) > 0 then d = (f ), due to the result of Kneser [15, 16] . On the other hand, one has µ i ≥ (f ), 1 ≤ i ≤ r, since the map f admits a liftingf :
If f is orientation-true, one proceeds as in the proof of Proposition 2.5 (a) of [8] , where one replaces the single point y 0 ∈ N by the set of r points y 1 , . . . , y r . More specifically, by applying a suitable deformation, one can assume that there are small pairwise disjoint 
Proof The inequality MMR[f ] ≥ A(f ) follows from the first part of Proposition 3.1.
Let us show the converse inequality, MMR[f ] ≤ A(f ). It follows from [6, 19, 16] , respectively, that the mapping f is homotopic to a d -fold covering which is branched in the first case and unbranched in the second case. Thus, we found a mapping which is homotopic to f , and the preimage of any point of N has cardinality ≤ d .
Proof Case 1 Suppose that d = A(f ) = 1. It follows from [6, 19] that the mapping f is homotopic to a pinching map where the pinched subsurface
Let us show that such a pinching map is homotopic to a map g of multiplicity ≤ 3. For this, we construct a proper continuous map g : (M , ∂M ) → (D 2 , ∂D 2 ) whose restriction to ∂M is a homeomorphism, and whose multiplicity equals 3. Such a map g is shown in Theorem 3. We may identify N with the surface which is obtained by gluing of M \M and D 2 by means of the aforementioned homeomorphism of the boundary circles, whereM denotes the interior of M . Define g : M → N as g| M\M = id M\M and g| M = g . Clearly, f g, since g is homotopic relative boundary to a pinching map. In Case 2 below, we will use the following property of the constructed map g: its restriction to the preimage of the complement N \ D 2 of a disk is injective. It follows from the inequality of Euler characteristics of M and N that f is not homotopic to an embedding. (Indeed, otherwise such an embedding g is a homeomorphism onto g(M); it follows from Brouwer's Theorem on Invariance of Domain [5] that g is surjective and, therefore, it is a homeomorphism.) Suppose that f is homotopic to a map g : M → N of multiplicity 2, we will show that this leads to a contradiction. Let y ∈ N be a point with g −1 (y) = {x 1 , x 2 }. Then the local degree of g at each of the points x 1 and x 2 is defined modulo 2, and
Without loss of generality, we may assume that deg(g, x 1 ) = 0. This implies that the image of any neighbourhood of x 1 contains a neighbourhood of y = g(x 1 ), since otherwise one could construct a map F :
Therefore the restriction of g to an appropriate neighbourhood of x 2 is injective and, thus (by Brouwer's Theorem on Invariance of Domain [5] ), is a homeomorphism onto a neighbourhood of y. This implies that deg(g, x 2 ) = ±1. Similar arguments show that deg(g, x 1 ) = ±1, a contradiction. Letf : M →Ñ be a lifting of f . Then A(f ) = (f ) = 1. By Case 1, there exists a mapg : M →Ñ which is homotopic tof and has multiplicity ≤ 3. Then the map g := p •g is homotopic to f = p •f . By Case 1, we may also assume thatg is injective ong −1 (Ñ \ D 1 ). Therefore the map g has multiplicity (f )
Let us show that the multiplicity of f is ≥ (f ) + 2. Letf : M →Ñ be a lifting of f to this (f )-fold covering, thus A(f ) = (f ) = 1. By Case 1, there exists a point y ∈Ñ whose preimage underf has cardinality ≥ 3. Since A(f ) > 0, every point of p −1 (p(ỹ)) has a nonempty preimage underf . Therefore f −1 (p(ỹ)) has cardinality at least (f ) + 2 = A(f ) + 2.
Estimates for MMR(f ) if A(f ) = 0
Suppose that M is a connected orientable closed surface of genus g ≥ 0. Consider the standard presentation of the closed surface M as the boundary of a solid surface in R 3 which is obtained from a closed 3-ball by attaching g solid handles; see Figure 2 (a). Choose a base point x 0 ∈ M and consider a system of simple closed Semeon Bogatyi, Jan Fricke and Elena Kudryavtseva curves α 1 , β 1 , . . . , α g , β g on M based at x 0 which form a canonical system of cuts; see Figure 2 (a). Then the fundamental group π 1 (M, x 0 ) admits a canonical presentation
where a j , b j are the homotopy classes of the based loops α j , β j , respectively. Denote by V g the bouquet of g circles α 1 ∪ . . . ∪ α g if g ≥ 1, V 0 := {x 0 } if g = 0, and by a retraction : M → V g which maps all loops β j to the point x 0 . We can assume that the curves α 1 , . . . , α g are contained in the plane Π ⊂ R 3 which is tangent to M at x 0 . (In Figure 2 , the plane Π is parallel to the plane of the picture.)
Let i : M → R 3 denote the inclusion, and p Π : R 3 → Π the orthogonal projection.
The following properties of the map p = p Π • i : M → Π can be assumed without loss of generality, and will be used later:
(p1) The restriction of p to a neighbourhood U of the base point x 0 ∈ M is a homeomorphism onto a neighbourhood of the point p(x 0 ) in Π. Moreover, p| Vr : V r → Π is an embedding, and all curves p| α j : α j → Π are regular; (p2) All curves p| β j are contractible in p(M);
(p3) p(M) is a regular neighbourhood of the graph p(V r ) in Π;
(p4) The map p has multiplicity 2. Suppose that M is a connected nonorientable closed surface of genus g ≥ 1. Choose a base point x 0 ∈ M . Then the fundamental group of M admits the following canonical presentation:
where we use the notation
This presentation of the group π 1 (M, x 0 ) corresponds to a system of simple closed curves
, β 0 on M based at x 0 , which form a canonical system of cuts; see Figure 2 
and by a retraction : M → V r which maps all loops β j to the point x 0 . We consider a realization of M in R 3 via a map i : M → R 3 which is an immersion if g is even (see Figure 2 (b)), while, for g odd, the restriction i| M\{z 1 ,z 2 } to the complement of the set of two points z 1 , z 2 ∈ M \ {x 0 } is an immersion; see Figure 2 (c). We can assume that i| Vr is an embedding with i(V r ) ⊂ Π, moreover Π coincides with the tangent plane to i(M) at i(x 0 ).
Let p Π : R 3 → Π denote the orthogonal projection. Without loss of generality, we may assume that the map p = p Π • i : M → Π has the properties (p1), (p2), (p3) from above. Moreover, (p4) holds if g is odd, while the following property holds if g is even:
(p4 ) The map p has multiplicity 4. Moreover, the set of all points of p(M), whose preimage under p contains more than 2 points, lies in a regular neighbourhood T in p(M) of a simple arc τ ⊂ p(M), where the endpoints of τ lie on the boundary of p(M), τ intersects the graph p(V r ) at the unique point p(t), for some t ∈ α r \ {x 0 }, and the intersection of τ and p(α r ) at the point p(t) is transverse; see Figure 3 (a).
Proposition 4.1 Suppose that M is an (orientable or nonorientable) closed surface of genus g, and f : M → N has absolute degree A(f ) = 0. Then there exists a self-homeomorphism ϕ of M and a map γ :
if M is nonorientable, and : M → V r is the retraction defined above.
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The strips T , T j and "folding" of T j via Γ j
Proof Since A(f ) = 0, it follows from [16] or [7] that f is homotopic to a map h which is not surjective; thus
Since the fundamental group of N * is a free group, we obtain a homomorphism h # : π 1 (M) → π 1 (N * ) to the free group π 1 (N * ).
Suppose that M is orientable. It has been proved in Satz 2 of Zieschang [22] using the Nielsen method (see also Zieschang, Vogt and Coldewey [23] , or Proposition 1.2 of Grigorchuk, Kurchanov and Zieschang [12] ) that there is a sequence of "elementary moves" of the system of generators a 1 , b 1 , . . . , a g , b g and the corresponding sequence of "elementary moves" of the system of cuts α 1 , β 1 , . . . , α g , β g on M (see above), such that the resulting system of cutsα 1 ,β 1 , . . . ,α g ,β g is also canonical (this means there exists a self-homeomorphism ϕ of M such that α j = ϕ(α j ), β j = ϕ(β j )), and the loops h|β j :β j → N * are contractible in N * . From this, using the fact that π 2 (N * ) = 0, one can prove that h γ • • ϕ where γ := h| Vg .
Suppose that M is nonorientable. The method to prove Satz 2 of [22] can be successfully applied to construct a canonical system of cutsα 1 ] ,β 0 on M (this means there exists a homeomorphism ϕ of M with α j = ϕ(α j ), β j = ϕ(β j )) such that the loops h|β j :β j → N * are contractible in N * ; see Ol'shanskiȋ [17] or Proposition 1.5 of [12] . (Again the curve β 0 is considered only if g is odd.) Similarly to the orientable case, this implies that h γ • • ϕ where γ := h| Vg .
Theorem 4.2 Suppose that
Proof Suppose that h is homotopic to f and has multiplicity 1. Then h is a homeomorphism onto h(M). It follows from Brouwer's Theorem on Invariance of Domain [5] that h is surjective and, therefore, it is a homeomorphism. Then A(h) = 1, a contradiction. Therefore MMR[f ] ≥ 2.
Let us prove the second inequality. Since A(f ) = 0, by Proposition 4.1, f γ • • ϕ for a self-homeomorphism ϕ of M , the retraction : M → V r , and a map γ : V r → N , where r = g if M is an orientable surface of genus g, r = [g/2] if M is a nonorientable surface of genus g. Without loss of generality, we may assume that γ has the following properties:
(γ1) There exists a homeomorphism ψ of the neighbourhood U of x 0 in M onto a neighbourhood of γ(x 0 ) in N such that γ| Vr∩U = ψ| Vr∩U . In other words, γ| Vr∩U extends to an embedding ψ : U → N ; (γ2) The restriction of γ onto each curve α 1 , . . . , α r is an immersion S 1 → N . Moreover, γ has multiplicity ≤ 2, and it has only finitely many double points (ie pairs of distinct points of V r having the same image).
Case 1 Suppose that the surface M is either orientable (thus r = g), or nonorientable with g odd (thus r = (g − 1)/2). In both cases, the map p = p Π • i : M → Π = R 2 of M to the plane Π has the properties (p1), (p2), (p3), (p4); see above.
Subcase 1 Suppose that N is orientable. Since every closed curve γ| α j is orientationpreserving, it follows from the properties (γ1), (γ2), (p1), (p3) that the mapγ = γ • p −1 : p(V r ) → N can be extended to an immersion Γ : p(M) → N of the regular neighbourhood p(M) of p(V r ) in the plane Π to N , such that Γ has multiplicity ≤ 2.
Consider the compositionˆ = p • : M → Π. Observe that the mapsˆ and p are homotopic as maps M → p(M) ⊂ Π with the target p(M), due toˆ | Vr = p| Vr , (p2), and π 2 (p(M)) = 0. From this and γ = Γ • p| Vr , we have
Since ϕ is bijective and each of Γ and p has multiplicity ≤ 2 (see (p4)), the multiplicity of the composition
Subcase 2 Suppose that N is nonorientable. So in general, the immersionγ : p(V r ) → N can not be extended to an immersion of the regular neighbourhood p(M) of p(V r ) in Π = R 2 . However, due to (γ1), (γ2), and (p1), we can extendγ to an immersioñ
Now, for each curve α j , we will extend the immersionΓ j =Γ| p(D∪α j ) : p(D ∪ α j ) → N to a regular neighbourhood U j ⊃ p(D) of p(α j ) in Π as follows. If the curve γ| α j is orientation-preserving then, similarly to Case 1, the immersionΓ j : p(D ∪ α j ) → N can be extended to an immersion Γ j : U j → N . If the curve γ| α j is orientation-reversing, let us choose a point t j ∈ α j \ D such that t j is the only preimage of the point γ(t j ) under γ . Consider a simple arc τ j ⊂ U j \ p(D), which transversally intersects p(α j ) at the only point p(t j ), and whose endpoints lie on the boundary of U j . Let T j be a regular neighbourhood of the arc τ j in U j \ p(D), thus T j is a "strip" in the annulus U j ; see Figure 3 (b). Outside the interior of the strip T j , we extendΓ j to an immersion Γ j : (U j \ T j ) ∪ p(α j ) → N similarly to above. Now we extend the obtained immersion Γ j to the whole annulus U j , giving a map Γ j : U j → N which coincides withΓ j outside T j \ p(α j ) and has a "folding" along the arc τ j ⊂ T j , as shown in Figure 3 (c).
Without loss of generality, we may assume that U j ⊂ p(M), and any two annuli U j , U k have only the disk p(D) in common. Since the constructed mappings Γ j : U j → N agree on the common part p(D), they determine an extensionΓ : U → N of the map Γ, where U = U 1 ∪ . . . ∪ U r is a regular neighbourhood of p(V r ) in Π = R 2 . The above construction can be performed in such a way that the mapΓ has multiplicity ≤ 2, due to (γ2) and the choice of the points t j ∈ α j . Obviously, the mapΓ can be extended to the regular neighbourhood p(M) of p(D ∪ V r ) (see (p3)) and the extended map Γ : p(M) → N also has multiplicity ≤ 2.
Similarly to Subcase 1, the composition Γ • p • ϕ has multiplicity ≤ 2 · 2 · 1 = 4, and (4.3) holds. This completes the proof in Case 1.
Case 2 Suppose that M is a nonorientable closed surface of even genus g, thus r = g/2, and the map p = p Π • i : M → Π = R 2 of M to the plane Π has the properties (p1), (p2), (p3), (p4 ); see above. We may assume, without loss of generality, that the map γ : V r → N has the following additional property:
(γ3) The point t ∈ α r considered in (p4 ) is the only preimage of γ(t) under γ , and the analogous property holds for any pointt ∈ α r ∩ p −1 (T).
Subcase 1 Suppose that N is orientable. Similarly to Subcase 1 of Case 1, one shows using (γ1), (γ2), (p1), (p3) that the immersionγ = γ • p −1 : p(V r ) → N extends to an immersion Γ : p(M) → N of multiplicity 2, and using (p2) that (4.3) holds. Taking into account (p4 ) and (γ3), one can show that the multiplicity of Γ • p • ϕ is ≤ 4.
Subcase 2 Suppose that N is nonorientable. We proceed as in Subcase 2 of Case 1. Namely, for those curves α j whose image under γ is orientation-preserving, we extend the immersionΓ j : p(D ∪ α j ) → N to U j , as in Case 1. For each of the remaining curves α j , we choose a point t j ∈ α j \ D which is the only preimage of γ(t j ) under γ , and we extend the corresponding immersionΓ j to a mapΓ j : U i → N having a "folding" along an arc τ j ⊂ T j ⊂ U j , which transversally intersects p(V r ) at the unique point p(t j ); see Case 1. As above, this allows one to construct a map Γ : p(M) → N of multiplicity ≤ 2 which is an extension ofγ , and to show that (4.3) holds. Observe now that, if the curve γ| αr is orientation-reversing, we can choose the point t r ∈ α r in such a way that it is "far enough" from the point t ∈ α r considered in (p4 ). This, together with (γ3), shows that the above construction can be performed in such a way that the composition Γ • p • ϕ has multiplicity ≤ 4. This completes the proof of Theorem 4.2.
